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We ompare quark stars made of olor-superonduting quark matter to normal-onduting quark
stars. We fous on the most simple olor-superonduting system, a two-avor olor superondutor,
and employ the NambuJona-Lasinio (NJL) model to ompute the gap parameter and the equation
of state. By varying the strength of the four-fermion oupling of the NJL model, we study the mass
and the radius of the quark star as a funtion of the value of the gap parameter. If the oupling
onstant exeeds a ritial value, the gap parameter does not vanish even at zero density. For oupling
onstants below this ritial value, mass and radius of a olor-superonduting quark star hange
at most by ∼ 20% ompared to a star onsisting of normal-onduting quark matter. For oupling
onstants above the ritial value mass and radius may hange by fators of two or more.
I. INTRODUCTION
At suiently high densities and suiently low temperatures quark matter is a olor superondutor [1℄. In nature,
olor-superonduting quark matter ould exist in the interior of ompat stellar objets suh as neutron or quark
stars. Among the best known properties of ompat stellar objets are their masses and radii. The question then is
whether these observable properties allow to deide if ompat stellar objets ontain, or are even ompletely made
of, olor-superonduting quark matter. To this end, one has to ompute these properties for stars ontaining olor-
superonduting quark matter and ompare them to the orresponding ones for stars ontaining normal-onduting
quark matter.
This question has reently triggered a lot of ativity [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13℄. Pure quark stars as well as
hybrid stars were onsidered, both with two-avor olor-superonduting quark matter as well as with quark matter
onsisting of three avors in the olor-avor-loked phase [14℄. All these investigations are based on variants of the
NJL model [15℄ where fermions interat via a four-point vertex. The oupling strength is adjusted to be in agreement
with hadron phenomenology at zero quark-hemial potential µ. This leads to olor-superonduting gap parameters
φ of the order of 100 MeV [14, 16℄. For reasonable values of the parameters entering the equation of state, suh as the
MIT bag onstant B and the strange quark mass ms, the result of these studies is that mass and radius of a ompat
stellar objet hange by ∼ 20%, if it ontains olor-superonduting instead of normal-onduting quark matter.
In this paper, we onsider a dierent question. We ask how large the olor-superonduting gap parameter has to be
in order to see substantial hanges in mass and radius of a ompat stellar objet. As the transition to hadroni matter
introdues another degree of freedom whih may either mask [2℄ or enhane [8℄ the eets of olor superondutivity,
we do not onsider hybrid stars, but fous exlusively on pure quark stars. We also onsider the most simple olor-
superonduting state, namely quark matter with two avors in the so-alled 2SC phase, although this state may not
be the most favorable one [17℄.
This paper is organized in the following way. In Se. II we derive the gap equation and the equation of state for
two-avor olor-superonduting quark matter using the Cornwall-Jakiw-Tomboulis (CJT) formalism [18℄. While this
formalism is equivalent to other approahes to derive the gap equation and the equation of state, it is nevertheless the
most elegant way. Moreover, it also provides a general framework that allows one to go beyond the standard mean-
eld approximation (although this diretion is not pursued in this work). In addition, it aounts for the possibility
of non-vanishing gluon bakground elds generated by ondensation of quark Cooper-pairs. Our derivation presented
in Se. II puts speial emphasis on this point, whih has previously been negleted in the the derivation of the gap
equation. In Se. III we ompute the masses and radii of quark stars via the Tolman-Oppenheimer-Volko (TOV)
equation. Setion IV onludes this paper with a summary of our results.
Our units are ~ = c = kB = 1. The metri tensor is gµν = diag (1,−1,−1,−1). Four-vetors are denoted as
Kµ = (k0,k), where k is a three-vetor with modulus k = |k| and diretion kˆ = k/k. We work in the imaginary-
time formalism, i.e., the spae-time integration is dened as
∫
X
=
∫ 1/T
0
dτ
∫
V
d3x, where τ is Eulidean time, T
∗
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2is the temperature, and V the three-volume of the system. Energy-momentum sums are written as T/V
∑
K =
T
∑
n
∫
d3k/(2π)3, where the sum runs over the Matsubara frequenies ωn = 2nπT for bosons and ωn = (2n+ 1)πT
for fermions, respetively.
II. EQUATION OF STATE AND GAP EQUATION
For olor-superonduting matter in the 2SC phase, the Lagrangian is given by
L = − 1
4
GaµνG
µν
a + ψ¯ (iDupslope− mˆ)ψ , (1)
where
Gaµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν (2)
is the gluon eld strength tensor; Aaµ is the vetor potential for the gluon eld, f
abc
are the struture onstants of
SU(3)c, and g is the strong oupling onstant. The fermion elds ψ are (4NcNf = 24)-dimensional spinors. Suppressing
the Dira struture we hoose the following basis in olor-avor spae:
ψ =


ψur
ψdr
ψug
ψdg
ψub
ψdb


. (3)
The Dira onjugate spinor is dened as ψ¯ = ψ†γ0. The ovariant derivative is given by Dµ = ∂µ − igAaµTa, where Ta
are the generators of SU(3)c, suitably generalized to our 6-dimensional olor-avor basis (3). The quark mass matrix
is mˆ = diag(mu,md,mu,md,mu,md). When omputing quark star properties in Se. III, we also inlude eletrons in
order to ahieve eletrial neutrality. In some ases we also add non-interating strange quarks.
In the treatment of superonduting systems it is advantageous to double the fermioni degrees of freedom by
introduing Nambu-Gor'kov spinors
Ψ¯ =
(
ψ¯, ψ¯C
)
, Ψ =
(
ψ
ψC
)
, (4)
where ψC = Cψ¯
T
is the harge-onjugate spinor; C is the harge-onjugation matrix. In this basis, the tree-level
ation an be written as
I
[
Ψ¯,Ψ, A
]
= − 1
4
∫
X
Gaµν(X)G
µν
a (X) +
1
2
∫
X,Y
Ψ¯(X)S−10 (X,Y )Ψ(Y ) , (5)
where
S−10 (X,Y ) =
(
iDupslopeX + µˆγ0 − mˆ 0
0 iDupslopeCX − µˆγ0 − mˆ
)
δ(4)(X − Y ) (6)
is the tree-level propagator for Nambu-Gor'kov fermions. Here we introdued the harge-onjugate ovariant derivative
D Cµ = ∂µ+igA
a
µT
T
a . The delta funtion is dened as δ
(4)(X−Y ) = δ(τx−τy) δ(3)(x−y). The quark-hemial potential
matrix is µˆ = diag(µur , µ
d
r , µ
u
g , µ
d
g, µ
u
b , µ
d
b). The hemial potential for quarks of olor i and avor f an be represented
as
µfi = µ− µeQf + µ3 T 3ii + µ8 T 8ii , (7)
where µe is the eletro-hemial potential, Q
f
is the eletri harge (in units of e) of quark avor f , and µ3 and
µ8 are the olor-hemial potentials assoiated with the diagonal generators T
3
and T 8 of SU(3)c. While µ ontrols
the quark number density, µe, µ3, and µ8 have to be introdued to ensure eletri- and olor-harge neutrality. If
the SU(3)c olor symmetry is not broken, the olor-hemial potentials have to vanish, µ3 = µ8 = 0, otherwise they
would break SU(3)c expliitly. However, when the olor symmetry is broken by a olor-harged quark Cooper-pair
ondensate, µ3 and µ8 do not need to be zero. We shall ome bak to this issue
3The eetive ation in the CJT formalism [18℄ reads [19, 20, 21, 22℄
Γ
[
Ψ¯,Ψ, A, S,D
]
= I
[
Ψ¯,Ψ, A
]− 1
2
Tr lnD−1 − 1
2
Tr
(
D−10 D − 1
)
+
1
2
Tr lnS−1 +
1
2
Tr
(
S−10 S − 1
)
+ Γ2
[
Ψ¯,Ψ, A, S,D
]
. (8)
The quantities D and S are the full gluon and quark propagators, respetively. The inverse tree-level quark propagator
S−10 was introdued in Eq. (6). Correspondingly, D
−1
0 is the inverse tree-level gluon propagator. The traes run over
spae-time, Nambu-Gor'kov, olor, avor, and Dira indies. The fator 1/2 in front of the fermioni one-loop terms
ompensates the doubling of the degrees of freedom in the Nambu-Gor'kov basis. The funtional Γ2 is the sum of all
two-partile irreduible (2PI) diagrams. It is impossible to evaluate all 2PI diagrams exatly. However, the advantage
of the CJT eetive ation (8) is that trunating the sum Γ2 after a nite number of terms still provides a well-dened
many-body approximation. Here we only inlude the sunset-type diagram shown in Fig. 1,
FIG. 1: The sunset-type diagram.
Γ2 = − g
2
4
∫
X,Y
Tr
NG,c,f,s
[Γµa S(X,Y ) Γ
ν
b S(Y,X)] D
ab
µν(X,Y ) , (9)
where the trae now runs only over Nambu-Gor'kov, olor, avor, and Dira indies. The Nambu-Gor'kov verties are
dened as
Γµa =
(
γµTa 0
0 −γµT Ta
)
. (10)
Later on, we shall approximate the gluon-exhange interation between quarks by a point-like four-fermion oupling.
This eetively removes dynamial gluon degrees of freedom, suh that we do not need to worry about gauge xing
or possible ghost degrees of freedom. Therefore we already omitted the latter in Eq. (8).
The stationary points of the eetive ation (8) determine the expetation values of the one- and two-point funtions,
δΓ
δΨ¯
= 0 ,
δΓ
δΨ
= 0 ,
δΓ
δAaµ
= 0 ,
δΓ
δD
= 0 ,
δΓ
δS
= 0 . (11)
The rst two equations yield the Dira equation for the fermioni elds Ψ and Ψ¯ in the presene of the gluon eld
Aaµ. The solution is trivial, sine fermioni, i.e. Grassmann-valued, elds do not have a (-number) expetation value.
The third equation is the Yang-Mills equation for the gluon eld,
Dabν F νµb (X) =
δ
δAaµ(X)
[
1
2
Tr
(
D−10 D − S−10 S
)− Γ2
]
, (12)
where Dabν = ∂νδab − gfabcAcν(X) is the ovariant derivative in the adjoint representation. The rst two terms on the
right-hand side are the ontributions from gluon and fermion tadpoles [23℄. The funtional derivative with respet to
Aaµ ating on the trae is nontrivial beause of the dependene of the inverse tree-level propagators D
−1
0 and S
−1
0 on
the gluon eld, f. Eq. (6). The last term is non-zero if Γ2 ontains 2PI diagrams with an expliit dependene on A
a
µ.
It vanishes in our approximation (9) for Γ2. As shown in Ref. [23℄ the solution of the Yang-Mills equation in the 2SC
phase is a onstant bakground eld Aaµ ∼ gµ0δa8. This bakground eld ats like a olor-hemial potential µ8 and
4provides the olor-harge neutrality of the 2SC phase [23℄. Later on, we shall remove the gluon degrees of freedom by
approximating the non-loal gluon exhange with a point-like four-fermion oupling. The onstant bakground eld
Aaµ then disappears from the treatment, and the olor-hemial potential µ8 assumes the role of the bakground eld
to ensure olor neutrality.
The fourth equation (11) is the Dyson-Shwinger equation for the gluon propagator,
D−1
µν
ab (X,Y ) = D
−1
0
µν
ab (X,Y ) + Π
µν
ab (X,Y ) , (13)
where
Πµνab (X,Y ) = −2
δΓ2
δDνµba (Y,X)
=
g2
2
Tr [Γµa S(X,Y ) Γ
ν
b S(Y,X)] (14)
is the gluon self-energy. Sine we shall approximate gluon exhange by a four-fermion oupling, we do not need to
solve the Dyson-Shwinger equation for the gluon propagator.
The fth equation (11) is the Dyson-Shwinger equation for the quark propagator,
S−1(X,Y ) = S−10 (X,Y ) + Σ(X,Y ) , (15)
where
Σ(X,Y ) = 2
δΓ2
δS(Y,X)
= −g2 Γµa S(X,Y ) Γνb Dabµν(Y,X) (16)
is the quark self-energy. Assuming translational invariane, in momentum spae the Dyson-Shwinger equation reads
S−1(K) = S−10 (K) + Σ(K) , Σ(K) = − g2
T
V
∑
Q
Γµa S(Q) Γ
ν
b D
ab
µν(K −Q) . (17)
Let us introdue the Nambu-Gor'kov matries
S−10 =
( [
G+0
]−1
0
0
[
G−0
]−1
)
, Σ =
(
Σ+ Φ−
Φ+ Σ−
)
, (18)
where [
G+0
]−1
(K) = γµ(Kµ + gA
a
µTa) + µˆ γ0 − mˆ , (19a)[
G−0
]−1
(K) = γµ(Kµ − gAaµT Ta )− µˆ γ0 − mˆ (19b)
are the inverse tree-level propagators for partiles and harge-onjugate partiles, respetively. The quantities Σ± in Eq.
(18) are the normal self-energies for partiles and harge-onjugate partiles, while Φ± are the so-alled anomalous
self-energies. The self-energies are related via Σ−(K) = C[Σ+(−K)]TC−1 and Φ−(K) = γ0[Φ+(K)]†γ0. With the
denitions (18), in Nambu-Gor'kov spae the Dyson-Shwinger equation (17) has the solution
S =
(
G+ Ξ−
Ξ+ G−
)
, (20)
where
G± =
{[
G±0
]−1
+Σ± − Φ∓
([
G∓0
]−1
+Σ∓
)−1
Φ±
}−1
, (21a)
Ξ± = −
([
G∓0
]−1
+Σ∓
)−1
Φ±G± . (21b)
Here G± are the propagators for quasipartiles and harge-onjugate quasipartiles, respetively, while Ξ± are the
so-alled anomalous propagators.
The gap equation for the olor-superonduting gap parameter an be dedued from the (21)- or (12)-omponents
of the Nambu-Gor'kov self-energy (18),
Φ+(K) = g2
T
V
∑
Q
γµT Ta Ξ
+(Q) γνTbD
ab
µν(K −Q) , (22a)
Φ−(K) = g2
T
V
∑
Q
γµTa Ξ
−(Q) γνT Tb D
ab
µν(K −Q) . (22b)
5It is suient to onsider Eq. (22a), beause Eq. (22b) follows from the relation Φ−(K) = γ0[Φ
+(K)]†γ0. In the
olor-avor basis (3) the gap matrix in the 2SC phase reads
Φ± =


0 0 0 ∆±1 0 0
0 0 ∆±2 0 0 0
0 ∆±2 0 0 0 0
∆±1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


. (23)
Here we have used the fat that red up-quarks form Cooper pairs with green down-quarks, with a (Dira spae)
gap matrix ∆±1 , while green up-quarks form Cooper pairs with red down-quarks, with the gap matrix ∆
±
2 . A priori,
∆±1 6= ∆±2 . As required by the overall antisymmetry of the spin-zero gap matrix [1℄, the right-hand side of Eq. (23) is
symmetri in olor-avor spae.
The regular quark self-energy Σ± was omputed in Ref. [24℄. To leading order,
Σ+(K) = Σ−(K) ≃ g
2
9π2
γ0 k0 ln
(
gµ
|k0|
)
. (24)
This orresponds to a wave funtion renormalization fator in the quark propagator. In the QCD gap equation, it
leads to subleading orretions whih modify the prefator of the olor-superonduting gap parameter [25, 26℄. Sine
we ultimately do not onsider the QCD gap equation, but the one in a simpler point-like four-fermion oupling model,
we neglet the regular quark self-energy (24) in the following.
In order to proeed we ompute the full inverse quark propagator (21a) with the gap matrix (23), whih is diagonal
in the olor-avor basis (3),
[
G±
]−1
= diag
(
[G±0
u
r ]
−1 −∆∓1 G∓0
d
g∆
±
1 , [G
±
0
d
r ]
−1 −∆∓2 G∓0
u
g ∆
±
2 , [G
±
0
u
g ]
−1 −∆∓2 G∓0
d
r ∆
±
2 ,
[G±0
d
g]
−1 −∆∓1 G∓0
u
r ∆
±
1 , [G
±
0
u
b ]
−1, [G±0
d
b ]
−1
)
, (25)
where
[G±0
f
i ]
−1 = γµKµ ± µfi γ0 . (26)
At this stage, we have set the onstant gluon bakground eld Aaµ = 0 (olor neutrality an be ahieved by adjusting
the olor-hemial potential µ8), and we have also negleted the small up- and down-quark masses. The elements
of the full inverse quark propagator (25) have a simple physial interpretation. Consider, for instane, the red-up
element [G±
u
r ]
−1
. The presene of the olor-superonduting ondensate ∆+1 (onsisting of Cooper pairs of red up-
and green down-quarks) modies the propagation of red up-quarks, suh that a red up-quark an be onverted into a
harge-onjugate green down-quark whih ontinues to propagate and is then onverted bak into a red up-quark by
the harge-onjugate ondensate ∆−1 .
With Eq. (23) and setting Σ± = 0, Eq. (21b) reads in the olor-avor basis (3)
Ξ± =


0 0 0 Ξ±
ud
rg 0 0
0 0 Ξ±
du
rg 0 0 0
0 Ξ±
ud
gr 0 0 0 0
Ξ±
du
gr 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


, (27)
where
Ξ±
ud
rg = −G∓0
u
r∆
±
1 G
±d
g , Ξ
±du
rg = −G∓0
d
r∆
±
2 G
±u
g , Ξ
±ud
gr = −G∓0
u
g∆
±
2 G
±d
r , Ξ
±du
gr = −G∓0
d
g∆
±
1 G
±u
r . (28)
Negleting eets from the breaking of SU(3)c due to Cooper pair ondensation (these eets are of sub-subleading
order in the QCD gap equation [27℄), the gluon propagator an be taken to be diagonal in adjoint olor,Dabµν(K−Q) =
6δabDµν(K − Q). Inserting this in the gap equation (22a) and performing the sum over adjoint olors we obtain the
following four equations by identifying the non-trivial elements of the resulting olor-avor matrix:
∆+1 (K) = g
2 T
V
∑
Q
γµ
[
1
2
Ξ+
ud
gr (Q)−
1
6
Ξ+
ud
rg (Q)
]
γνDµν(K −Q) , (29a)
∆+2 (K) = g
2 T
V
∑
Q
γµ
[
1
2
Ξ+
du
gr (Q)−
1
6
Ξ+
du
rg (Q)
]
γνDµν(K −Q) , (29b)
∆+2 (K) = g
2 T
V
∑
Q
γµ
[
1
2
Ξ+
ud
rg (Q)−
1
6
Ξ+
ud
gr (Q)
]
γνDµν(K −Q) , (29)
∆+1 (K) = g
2 T
V
∑
Q
γµ
[
1
2
Ξ+
du
rg (Q)−
1
6
Ξ+
du
gr (Q)
]
γνDµν(K −Q) . (29d)
In order to determine ∆+1 and ∆
+
2 , only two of these four equations are neessary. These two equations an be
ombined to
∆+1 (K) + 3∆
+
2 (K) =
4
3
g2
T
V
∑
Q
γµ Ξ+
ud
rg (Q) γ
νDµν(K −Q) , (30a)
3∆+1 (K) + ∆
+
2 (K) =
4
3
g2
T
V
∑
Q
γµ Ξ+
ud
gr (Q) γ
νDµν(K −Q) . (30b)
We now have to determine Ξ+
ud
rg and Ξ
+ud
gr . The Dira struture of the olor-superonduting gap matries ∆
±
1,2 is
onveniently written in terms of energy-hirality projetors [31℄,
Pec (k) =
1
4
(1 + cγ5) (1 + eγ0γ · kˆ) , (31)
where c = ± stands for the right/left-handed projetion, and e = ± denotes the projetion onto states of posi-
tive/negative energy. With these projetors the gap matries an be written as
∆+n (K) =
∑
c,e
φ enc(K)Pec (k) , ∆−n (K) =
∑
c,e
φ enc
∗(K)P−e−c (k) , n = 1, 2 . (32)
With the denition of the quasipartile energy for positive and negative energy states (e = ±)
ǫek (µ, φ) =
√
(k − eµ)2 + |φ|2 , (33)
we an write the omponents of the full quark propagator of the quark olors partiipating in Cooper pairing as
G+
u
r (K) =
∑
c,e
Pec (k)
(k0 + δµ1)2 − [ǫek (µ¯, φ e1c)]
2 [G
−
0
d
g]
−1(K) , (34a)
G+
d
r(K) =
∑
c,e
Pec (k)
(k0 + δµ2)2 − [ǫek (µ¯, φ e2c)]
2 [G
−
0
u
g ]
−1(K) , (34b)
G+
u
g (K) =
∑
c,e
Pec (k)
(k0 − δµ2)2 − [ǫek (µ¯, φ e2c)]2
[G−0
d
r ]
−1(K) , (34)
G+
d
g(K) =
∑
c,e
Pec (k)
(k0 − δµ1)2 − [ǫek (µ¯, φ e1c)]
2 [G
−
0
u
r ]
−1(K) , (34d)
where
µ¯ =
µur + µ
d
g
2
=
µdr + µ
u
g
2
= µ− µe
6
+
µ8
2
√
3
, (35a)
δµ1 =
µur − µdg
2
=
1
2
(µ3 − µe) , (35b)
δµ2 =
µdr − µug
2
=
1
2
(µ3 + µe) . (35)
7Here we used Eq. (7). Labelling the omponents of the full quark propagator with a olor and avor index is slightly
misleading. For instane, red-up and green-down quasipartiles are both admixtures of red up and green down quarks.
Both quasipartiles have the same Fermi surfae µ¯, and only their dispersion relations k0 = −ǫek
(
µ¯, φ e1c
)± δµ1 dier
by 2 δµ1.
With Eqs. (32) and (34) and the relation G∓0 ∆
±
nG
± = G∓∆±nG
±
0 , Eq. (28) beomes
Ξ±
ud
rg (K) = −
∑
c,e
P∓e∓c (k)φ e1c(±K)
(k0 ∓ δµ1)2 − [ǫek (µ¯, φ e1c)]
2 , (36a)
Ξ±
du
rg (K) = −
∑
c,e
P∓e∓c (k)φ e2c(±K)
(k0 ∓ δµ2)2 − [ǫek (µ¯, φ e2c)]
2 , (36b)
Ξ±
ud
gr (K) = −
∑
c,e
P∓e∓c (k)φ e2c(±K)
(k0 ± δµ2)2 − [ǫek (µ¯, φ e2c)]2
, (36)
Ξ±
du
gr (K) = −
∑
c,e
P∓e∓c (k)φ e1c(±K)
(k0 ± δµ1)2 − [ǫek (µ¯, φ e1c)]2
. (36d)
Here we assumed that φ enc(−K) = φ enc∗(K). Taking the gluon interation to be point-like, Dµν(K −Q) = − gµν/Λ2,
Λ = const., the Dira struture of the gap equations (30) an be projeted out to yield gap equations for the gap
funtions φ enc(K). It turns out that the gap equations for dierent energy, e = ±, and hirality, c = ±, projetions
deouple and have the same form. We therefore omit the indies e, c in the following. Due to our assumption of a
point-like gluon interation, the gap funtion is also independent of K. The gap equations (30) assume the simple
form
φ1 + 3φ2 =
8
3
g2
Λ2
T
V
∑
Q
∑
e
φ1
(q0 − δµ1)2 −
[
ǫeq(µ¯, φ1)
]2 , (37a)
3φ1 + φ2 =
8
3
g2
Λ2
T
V
∑
Q
∑
e
φ2
(q0 + δµ2)2 −
[
ǫeq(µ¯, φ2)
]2 . (37b)
We now perform the Matsubara sums with the help of the relation
T
∑
n
1
(q0 − δµ)2 − ǫ2 = −
1
4ǫ
[
tanh
(
ǫ + δµ
2T
)
+ tanh
(
ǫ− δµ
2T
)]
−→
T→0
− 1
2ǫ
θ(ǫ − |δµ|) . (38)
The resulting gap equations are
φ1 + 3φ2 = − 2
3π2
g2
Λ2
∑
e
∫ κ
0
dq q2
φ1
ǫeq(µ¯, φ1)
θ
(
ǫeq(µ¯, φ1)− |δµ1|
)
, (39a)
3φ1 + φ2 = − 2
3π2
g2
Λ2
∑
e
∫ κ
0
dq q2
φ2
ǫeq(µ¯, φ2)
θ
(
ǫeq(µ¯, φ2)− |δµ2|
)
. (39b)
Here we introdued a uto κ to render the momentum integral nite.
The equation of state for 2SC matter, i.e., the pressure as a funtion of temperature and hemial potential, results
from the relation
p2SC =
T
V
Γ∗ , (40)
where Γ∗ is the value of the eetive ation (8) at the stationary point determined by Eqs. (11). Sine we do not
onsider the gluons as dynamial degrees of freedom, the rst three terms in Eq. (8) an be omitted. The last two
terms in Eq. (8) an be simplied with the help of the Dyson-Shwinger equation (15). The nal result reads
p2SC =
1
2
T
V
[
Tr lnS−1 − 1
2
Tr (ΣS)
]
, (41)
where the propagator S obeys the Dyson-Shwinger equation (15). Performing the trae over Nambu-Gor'kov spae,
the seond term an be written as
− 1
4
T
V
Tr (ΣS) = − 1
4
T
V
Tr
X,c,f,s
(
Σ+G+ +Σ−G− +Φ− Ξ+ +Φ+ Ξ−
)
, (42)
8where the trae on the right-hand side runs over spae-time, olor, avor, and Dira indies. Sine we negleted the
regular self-energies Σ± in the derivation of the gap equation, to be onsistent we also have to drop the rst two terms
in Eq. (42). Fourier-transforming into momentum spae and using the gap equations (22), we obtain
− 1
4
T
V
Tr (ΣS) = − g
2
4
T 2
V 2
∑
K,Q
Tr
c,f,s
[
γµTa Ξ
−(K) γνT Tb Ξ
+(Q) + γµT Ta Ξ
+(K) γνTb Ξ
−(Q)
]
Dabµν(K −Q) , (43)
where the trae on the right-hand side runs only over olor, avor, and Dira indies. We now insert the loal,
instantaneous gluon propagator Dabµν(K −Q) = − δabgµν/Λ2, and sum over a, b and µ, ν. Then we perform the trae
over olor, avor and Dira spae with the help of Eqs. (27), (36). Due to the point-like gluon interation the sums
over K und Q separate. These sums an be simplied with the help of the gap equations (37). The nal result is
− 1
4
T
V
Tr (ΣS) =
3
4
Λ2
g2
[|φ1|2 + |φ2|2 + 3 (φ∗1φ2 + φ1φ∗2)] . (44)
The rst term in Eq. (41) is straightforwardly evaluated as
1
2
T
V
Tr lnS−1 =
=
T
V
∑
K
∑
e


∑
n=1,2
∑
j=±
ln
[
(k0 + j δµn)
2 − [ǫek(µ¯, φn)]2
T 2
]
+ ln
[
k20 − [ǫek(µub , 0)]2
T 2
]
+ ln
[
k20 − [ǫek(µdb , 0)]2
T 2
]

=
1
π2
∑
e
∫ κ
0
dk k2

∑
n=1,2

ǫek(µ¯, φn) +
∑
j=±
T ln
[
1 + exp
(
− ǫ
e
k(µ¯, φn) + j δµn
T
)]

+ ǫek(µ
u
b , 0) + 2T ln
[
1 + exp
(
− ǫ
e
k(µ
u
b , 0)
T
)]
+ ǫek(µ
d
b , 0) + 2T ln
[
1 + exp
(
− ǫ
e
k(µ
d
b , 0)
T
)])
. (45)
Subtrating the ontribution from the vauum and taking the limit T → 0 leads to
1
2
T
V
Tr lnS−1 =
1
π2
∑
e
∑
n=1,2
∫ κ
0
dk k2
[
ǫek(µ¯, φn)− k +
k
3
k − eµ¯
ǫek(µ¯, φn)
θ (|δµn| − ǫek(µ¯, φn))
]
+
µub
4 + µdb
4
12π2
. (46)
To obtain the pressure (41) for olor-superonduting quark matter with two avors we have to add Eqs. (44) and
(45).
In Se. III we shall onsider ompat stellar objets whih have to be neutral with respet to eletri harge. In order
to ahieve this, we have to add the ontribution of eletrons to the pressure (41) of our two-avor olor superondutor,
pe =
µ4e
12π2
, (47)
where we negleted the small eletron mass. If the hemial potential for strange quarks, µsi = µ+µe/3+µ3T
3
ii+µ8T
8
ii,
exeeds the strange quark mass, ms, we also have to inlude strange quarks into our onsideration. We assume them
to be non-interating, whih leads to the following additional ontribution to Eq. (41),
ps =
1
3π2
b∑
i= r
∫ kF si
0
dk
k4
Esk
, (48)
with the Fermi momentum kF
s
i = (µ
s
i
2 − m2s)1/2 and the energy Esk = (k2 + m2s)1/2. Strange quarks also serve to
neutralize the large positive eletri harge of a system of up and down quarks. Consequently, we expet the eletron
density to be redued one strange quarks are present in the system. The total pressure of our system is the sum of
Eqs. (41), (47), and (48),
p = p2SC + pe + ps −B . (49)
9Here, we have also subtrated the pressure of the perturbative vauum in the form of the MIT bag onstant B [32℄.
This will prove essential to obtain bound stars of nite radius.
Compat stellar objets are not only neutral with respet to eletri harge but also with respet to olor harge.
The neutrality onditions read
ne ≡ ∂p
∂µe
= 0 , (50a)
n3 ≡ ∂p
∂µ3
= 0 , (50b)
n8 ≡ ∂p
∂µ8
= 0 , (50)
where ne is the total eletri harge density and n3, n8 are the olor harge densities. It is straightforward to see that
the solution of Eq. (50b) is µ3 = 0. The reason is that in a two-avor olor superondutor, SU(3)c is broken to SU(2)c.
One of the generators of this residual SU(2)c symmetry is T3 and, onsequently, the assoiated olor-hemial potential
has to vanish (otherwise, SU(2)c would be broken expliitly). We therefore have µ3 = 0 irrespetive of whether we
enfore olor neutrality or not. >From Eqs. (35) we then onlude δµ ≡ δµ1 = −δµ2 = −µe/2. Inserting this result
into the gap equations (39) we read o that the only possible solution is φ ≡ φ1 = −φ2. This greatly simplies the
gap equations; there is only a single gap equation for φ,
3π2
Λ2
g2
=
∑
e
∫ κ
0
dq q2
1
ǫeq(µ¯, φ)
θ
(
ǫeq(µ¯, φ)− |δµ|
)
, (51)
and the expression (44) beomes
− 1
4
T
V
Tr (ΣS) = − 3 Λ
2
g2
|φ|2 . (52)
Finally, in order to solve the Tolman-Oppenheimer-Volko equation, we need the energy density, whih at T = 0 reads
ε = µn+ µ3n3 + µ8n8 + µene − p . (53)
Here, n ≡ ∂p/∂µ is the quark density.
III. RESULTS
In this setion we numerially solve the gap equation (51) and ompute the equation of state (49). With Eqs.
(49) and (53) we then solve the TOV equation to obtain the mass-radius relation for quark stars. Unless mentioned
otherwise, in order to ompare our results to those of Ref. [28℄, we use the following values for the parameters of our
model,
ms = 0.1407 GeV , (54a)
g2/Λ2 = 45.1467 GeV−2 , (54b)
κ = 0.6533 GeV , (54)
B1/4 = 0.17 GeV . (54d)
In Fig. 2 we show the total pressure (49), normalized to its value for φ = µe = µ8 = 0, as a funtion of the quark-
hemial potential for various ases. The ontribution of strange quarks is omitted, ps = 0, and the bag onstant
is set to zero, B = 0. One observes that the olor-superonduting state with φ > 0 has a larger pressure than the
normal-onduting state with φ = 0. Consequently, the olor-superonduting state is energetially preferred. The
dierene in pressure between olor-superonduting and normal-onduting states is proportional to the value of
the gap (squared), f. Fig. 4. The onstraint of eletri-harge neutrality redues the pressure. (The eet on the
pressure when imposing olor-harge neutrality is negligibly small.) This onstraint is neessary to obtain stable stars.
Eletrially harged stars would explode beause of the repulsive Coulomb fore. (One also has to impose olor-harge
neutrality beause olor-harged stars annot exist due to onnement.)
In Fig. 3 the same ases are shown as in Fig. 2, now inluding the ontribution of strange quarks. Again, the
olor-superonduting state is energetially preferred over the normal-onduting state. The dierene to the previous
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ase is that, as soon as µ exeeds ms, strange quarks partially assume the role of eletrons to ensure eletri-harge
neutrality of the system. Consequently, the eletroni ontribution to the pressure is redued, f. Fig. 5, and the
redution of the pressure when imposing eletri-harge neutrality beomes smaller. For large values of the quark-
hemial potential, µ ≫ ms, the amount of eletrons neessary to make the system eletrially neutral beomes
negligibly small. Therefore, the full and dashed lines, as well as the short-dashed and dotted lines in Fig. 3 approah
eah other.
In Fig. 4 we show the gap as a funtion of the quark-hemial potential. For small values of the quark-hemial
potential the gap vanishes. At larger values of µ, the gap inreases, until the quark-hemial potential approahes
the value of the uto κ, where due to restrited phase spae the gap starts to derease. The onditions of eletri
and olor neutrality (50a) and (50) tend to derease the value of the gap. This derease is espeially pronouned
in the ase without strange quarks (dashed line), where the eletro-hemial potential is large, see Fig. 5. Inluding
strange quarks, the eletro-hemial potential beomes smaller and, onsequently, the gap beomes larger (dotted
line). Note the kink in the dotted line in Fig. 4. To the left of the kink, the system is in the so-alled gapless olor-
superonduting phase disussed in detail in Ref. [29℄, while to the right it is in the standard olor-superonduting
phase without gapless modes. For the dashed line, the system is always in the gapless olor-superonduting phase.
Figure 5 shows the value of the eletro-hemial potential µe as a funtion of µ as obtained from enforing the
neutrality onditions (50a) and (50). For normal-onduting quark matter without strange quarks, eletri-harge
neutrality requires that the eletron density inreases proportional to the quark density. Consequently, µe is a lin-
early rising funtion of µ (full line). In the presene of strange quarks the amount of eletrons required to ahieve
eletri neutrality is smaller. Therefore, µe dereases as soon as µ
s
i > ms. For an eletri- and olor-harge neutral
olor superondutor either with or without strange quarks, the eletro-hemial potential inreases substantially as
ompared to a normal ondutor. (Only with strange quarks and for very large values of µ lose to κ, the value of µe
in the olor-superonduting phase is smaller than in a normal ondutor and may even beome negative. We pereive
the latter to be an artefat of approahing the limit of phase spae.)
In Fig. 6 we show the value of the olor-hemial potential µ8 as a funtion of µ for eletri- and olor-neutral
olor-superonduting quark matter with and without strange quarks. (Normal-onduting matter is automatially
olor neutral in the thermodynami limit.) The values of µ8 neessary to make the system olor neutral are muh
smaller than the values of µe required for eletri neutrality. This an be understood in the weak-oupling limit where
the gap is muh smaller than the hemial potential, φ ∼ µ exp(−1/g2) ≪ µ. In this limit, the value of µ8 required
to ahieve olor neutrality is parametrially of order µ8 ∼ φ2/µ [23℄.
With Eqs. (49) and (53) we now solve the TOV equations
dp
dr
= − [p(r) + ε(r)][M(r) + 4πr
3p(r)]
r[r − 2M(r)] , (55a)
M(r) = 4π
∫ r
0
ε(r′)r′
2
dr′ . (55b)
The resulting mass-radius relations are shown in Fig. 7. We observe that the inuene of olor superondutivity on
the mass-radius relation is at most on the order of a few perent, in agreement with the results of Ref. [12℄. This was
to be expeted, sine superondutivity is a Fermi-surfae phenomenon, while the equation of state whih determines
the mass and radius is sensitive to the whole Fermi sea. To be more preise, the relative hange in the pressure due to
superondutivity is of the order φ2/µ2. For φ≪ µ this is a tiny eet. Indeed, as an be seen from Fig. 7, inluding
strange quarks has a muh larger eet on the masses and radii. The reason is that adding strange quarks to the
system aets a relative hange of the pressure by a term ∼ (µs/µ)4 ∼ O(1).
The observation that olor superondutivity does not have an eet on the mass-radius relation of a quark star
for φ≪ µ immediately leads to the question how large the gap has to beome in order to see an appreiable hange
in either the mass or the radius of the star. To our knowledge this question has so far not been addressed in the
literature and is the main motivation for our urrent study. This question an be answered by artiially inreasing
the oupling onstant g2/Λ2, suh that the solution φ of the gap equation (51) inreases as well. Of ourse, suh a
modiation will hange the vauum properties, suh as the pion deay onstant, within our NJL model. However, at
nonzero baryon density, this model is in any ase not very realisti as it neither desribes saturation of nulear matter
in the ground state nor does it feature a hadroni phase where hiral symmetry is broken. Here, we onsider the NJL
model just as an eetive model to desribe quark-quark interations at high baryon density. It is then ertainly a
permissible and interesting question to ask how the oupling strength aets the value of the olor-superonduting
gap parameter and quark star properties.
In Fig. 8 we show the solution of the gap equation when dereasing the oupling onstant by a fator of two (full
line) as well as inreasing it by a fator of 3/2 (short-dashed line) and a fator of two (dotted line), respetively. In
the latter ase we observe the interesting phenomenon that the gap is non-vanishing even when µ = 0. At rst sight
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this seems surprising but one an readily onvine oneself that the gap equation (51) indeed has a non-trivial solution
for µ = 0, if the oupling onstant exeeds the ritial value g2/Λ2 = 3π2/κ2 ≃ 69.37 GeV−2. The situation where the
gap was non-vanishing in the vauum was also analyzed in Ref. [30℄.
In Fig. 9 we show the mass-radius relations alulated with the equations of state orresponding to the gaps shown
in Fig. 8. As expeted, a derease of the oupling onstant by a fator of two does not appreiably hange the mass-
radius relation, but multiplying the oupling onstant by a fator 3/2 already leads to an inrease of maximum mass
and radius by ∼ 20%. For the oupling onstant whih is a fator of two larger than the default value we nd that
the quark star also doubles in mass and radius. The reason is that the equation of state hanges appreiably for gaps
of order ∼ 300 MeV, f. Fig. 8, sine then φ ∼ µ.
IV. CONCLUSIONS
In this paper we have investigated olor-superonduting quark matter in the so-alled 2SC phase, i.e., a olor
superondutor onsisting of massless up and down quarks, where quarks of red and green olor form anti-blue Cooper
pairs. Starting from the CJT formalism, we have derived the gap equation and the pressure. By adding eletrons and/or
strange quarks, we have also studied this system under the onstraints of eletri and olor neutrality. For eletri-
and olor-neutral systems, we have solved the TOV equation in order to determine the mass-radius relation for quark
stars. We onrmed the result of Ref. [12℄ that olor superondutivity does not substantially alter the mass and
the radius of a quark star, if the oupling onstant is hosen to reprodue vauum properties suh as the pion deay
onstant. The reason is that superondutivity has an eet of the equation of state whih is proportional to φ2/µ2
whih is small if φ≪ µ.
We then asked the question how large the olor-superonduting gap parameter has to be in order to see an
appreiable eet on the mass and the radius of a quark star. To this end, we artiially inreased the oupling
onstant whih has the eet of inreasing the olor-superonduting gap parameter. We found non-trivial solutions
of the gap equation in the vauum, i.e., for µ = 0, when the oupling onstant exeeds a ritial value whih is diretly
proportional to the uto parameter of our NJL-type model. For gaps of the order of 300 MeV the mass and radius
of a olor-superonduting quark star was found to be twie as large as for a normal-onduting quark star. While
this is per se an interesting result, suh quark stars are still of the same size and mass as ordinary neutron stars. It
is thus impossible to deide whether a ompat stellar objet onsists of normal-onduting or olor-superonduting
quark matter, or simply of ordinary neutron matter.
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FIG. 2: The pressure as a funtion of the quark-hemial potential, normalized to its value for vanishing gap and µe = µ8 = 0.
The ontribution of strange quarks is omitted. The bag onstant B is set to zero. Full and dashed lines are obtained for normal-
onduting quark matter, φ = 0. Short-dashed and dotted lines are for olor-superonduting quark matter, φ > 0. Full lines
and short-dashed lines are omputed without the onstraints of eletri- and olor-harge neutrality, µe = µ8 = 0. Dashed and
dotted lines are omputed for an eletri- and olor-harge neutral system, µe 6= 0, µ8 6= 0.
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ontribution of strange quarks.
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